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Abstract 

We study the risk assessment of uncertain cash flows in terms of dynamic convex risk measures for 
processes as introduced in Cheridito, Delbaen, and Kupper [11]. These risk measures take into account 
not only the amounts but also the timing of a cash flow. We discuss their robust representation in terms 
of suitably penalized probability measures on the optional cr-field. This yields an explicit analysis both 
of model and discounting ambiguity. We focus on supermartingale criteria for different notions of time 
consistency. In particular we show how "bubbles" may appear in the dynamic penalization, and how 
they cause a breakdown of asymptotic safety of the risk assessment procedure. 

1 Introduction 

The classical assessment of an uncertain cash flow takes the sum of the discounted future payments and 
computes its expectation with respect to a given probability measure. Both the probabilistic model and 
the discounting factors are assumed to be known. In reality, however, one is usually confronted both with 
model uncertainty and with uncertainty about the time value of money. The purpose of this paper is to 
deal with this problem by using concepts and methods from the theory of convex risk measures. 

In a situation where financial positions are described by random variables on some probability space, 
a convex risk measure can usually be represented as the worst expected loss over a class of suitably 
penalized probabilistic models; see Artzner, Delbaen, Eber, and Heath [HIS], Delbaen [T31 [2] for the 
coherent case, and Follmer and Schied [22l[23], Frittelli and Rosazza Gianin |24] for the general convex 
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case. This can be seen as a robust method which deals expHcitly with the problem of model uncertainty. 
In the dynamical setting of a filtered probability space, the risk assessment at a given time should depend 
on the available information. This is specified by a dynamic risk measure, i.e., by a sequence (pt) of 
conditional convex risk measures adapted to the filtration. On the level of random variables, and under 
an additional requirement of time consistency, the structure of such dynamic risk measures is now well 
understood; cf., e.g, [l[3l[ni[I3|3S[Mlia[20l[l2l[3i[3l[li[T],and references therein. 

There is also a growing literature on dynamic risk measures applied to cash flows that are described as 
adapted stochastic processes on the given filtered probability space; cf., e.g., [4| l33 l l9l fTO l [TT | [T2 j [25 l [27] . 
In this context, not only the amount of a payment matters, but also its timing. In particular, the risk is 
reduced by having positive payments earlier and negative ones later. This is expressed by the property of 
cash subadditivity, which was introduced by El Karoui and Ravanelli [in| in the context of risk measures 
for random variables in order to account for discounting ambiguity. Convex risk measures for processes 
have that property, and so they provide a natural framework to capture both model uncertainty and 
uncertainty about the time value of money. 

In this paper we study dynamic convex risk measures for bounded adapted processes, as introduced in 
[11) . Any such process can be viewed as a bounded measurable function on the product space = 17 x T 
endowed with the optional cr-field. It is thus natural to use results from the theory of risk measures for 
random variables and to apply them on product space. This idea already appears in [J in a static setting. 
Here we use it for dynamic risk measures, and we take a more probabilistic approach. This involves a 
careful study of absolutely continuous probability measures Q on the optional cr-field. In particular, we 
derive a decomposition Q ~ Q<S) D, where Q is a locally absolutely continuous probability measure on the 
original space, and D is a, predictable discounting process. The probabilistic approach has two advantages. 
In the first place, it allows us to make explicit the joint role of model uncertainty, as expressed by the 
measures Q, and of discounting uncertainty, as described by the discounting processes D, in the robust 
representation of conditional risk measures. Moreover, it is crucial for our analysis of the supermartingale 
aspects of time consistency. 

A key issue in the dynamical framework is time consistency of the risk assessment; see [4l [TS j [T7 \ \29 \ 
[TT1 [6l [20l [121 [16] , and references therein. We characterize time consistency by supermartingale properties 
of the discounted penalty and risk processes, in analogy to various results for random variables from 
[11 [TS] [6] [20] [32] [7] . These characterizations allow us to apply martingale arguments to prove maximal 
inequalities and convergence results for the risk assessment procedure. In particular, we show that the 
appearance of a martingale component in the Riesz decomposition of the discounted penalty process 
amounts to a breakdown of asymptotic safety. Such a martingale can be seen as a "bubble" , which 
appears on the top of the "fundamental" penalization and thus causes an excessive neglect of the model 
under consideration. 

The paper is organized as follows. In Section[3]we clarify the probabilistic structure of conditional con- 
vex risk measures for processes. To this end, we introduce the appropriate product space in Subsection l3.1l 
and state a decomposition theorem for measures on the optional cr-field; its proof is given in Appendix [Cl 
In Subsection 13.21 risk measures for processes are identified with risk measures for random variables on 
the product space. This allows us to obtain a robust representation of risk measure for processes in 
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Subsection 13.31 which involves both model ambiguity and discounting ambiguity. Section |4] characterizes 
time consistency of dynamic risk measures, with special emphasis on the corresponding supermartingale 
properties. We first focus on the strong notion of time consistency. In Subsection 14.11 we state several 
equivalent criteria. They are used in Subsection 14.21 to derive the Doob and the Riesz decomposition of 
the penalty processes. In Subsection 14.31 we discuss asymptotic properties such as asymptotic safety and 
asymptotic precision, and we relate them to the appearance of "bubbles" in the Riesz decomposition. 
Subsection 14.41 states a maximal inequality for the excess of the capital requirement over the penalized 
expected loss computed for a specific model. The coherent case is discussed in Subsection 14.51 ^-nd some 
weaker notions of time consistency are introduced and characterized in Subsection 14.61 In Section [5] we 
discuss cash subadditivity of risk measures for processes, and we characterize their calibration with re- 
spect to some numeraire. If a time consistent dynamic risk measure is calibrated to a term structure 
specified by the prices of zero coupon bonds, then discounting ambiguity is completely resolved, and we 
are only left with model ambiguity. In Section [6] our analysis is illustrated by some examples, including 
entropic risk measures and variants of Average Value at Risk for processes. 

2 Preliminaries 

In this paper we consider a discrete-time setting with time horizon T e NU {oo}. We denote by T the set 
of time points, i.e., T := {0, . . . , T} if T < oo, and in case T = oo we distinguish between the two cases 
T No and T ;= Nq U {oo}. We use the notation := {.s e T | s > t} for t e T. 

We fix a filtered probability space (f2, J^, {J-t)teTnNo: P)^ with = {0, il}, and J^oo ■— cr{^teNo^t) for 
T — oo. For t £ T, we use the notation 

Lr := L'^{^,TuP), Lr+ := {X £ Lr \ X > 0}, 

and L°° := L°°{n, Tt, P)- All equalities and inequalities between random variables and between sets are 
understood to hold P-almost surely, unless stated otherwise. 

We denote by M{P) (resp. by Mioc{P)) the set of all probability measures Q on which are 

absolutely continuous with respect to P (resp. locally absolutely continuous with respect to P in the 
sense that Q < P on for each t e TnNo), and by 7W(P) (resp. by Ml^^{P)) the set of aU probability 
measures on (Jl, J^) which are equivalent (resp. locally equivalent) to P. Note that M.{P) coincides with 
Xioc(P) ifr<oo. 

Let Ti°° denote the space of adapted stochastic processes X = {Xt)teT on (fi, T, {Tt)teT, P) such that 

||X||oo inf a; G R I sup \Xt\ < xi < oo. 

For T — oo we also consider the subspace 

X°° -.^ I X en°° \3X^ = lim Xt P-a.s.] . 
For < i < s < T, we define the projection ttj^s : as 

'^t,s{X)r = l{t<r}XrAs, r GT, 
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and use the notation TZ'^^ :— ■Kt,siJ^°°) and TZf := ■Kt,T(Ji-°°)- The spaces and are defined 
accordingly. 

We interpret a process X € 7?,°° as a cumulated cash flow, as explained in Reniark[T]and in Example^ 
or as a value process, which might model the evolution of some financial value such as the market value 
of a firm's equity or of an investment portfolio. 

Remark 1. An adapted cash flow C = (Ct )tgTnNo yielding an uncertain amount Ct € L'^ at time t 
induces a cumulated cash flow X — (Xt)tgTnNo with 

t 

If T < oo, or if T — oo and X^teTnNo ll'-^tlloo process X belongs to TZ°° , and even to X°° , with 

Xoo ■— X]^o^*' Conversely, each process X G 7^°° induces an adapted cash flow 

Ct := AXt := Xt - Xt-i, tGTnNo, 

where we use the convention X^i :— 0. 

Example 2. Assume that there is a money market account (i3t)tgTnNo of the form 

t 

Bt = l[{l + rs) 

s=l 

with some adapted (or even predictable) process {rt)ti£TnNo of nonnegative short rates. For a given (undis- 
counted) adapted cash flow (Ct)tgTnNo G consider the discounted cash flow C ~ (C't)tgTnNo defined 
by Ct = B^^Ct. IfT < oo, or ifT — oo and the short rates are bounded away from zero by some constant 
6 > 0, then the discounted cash flow C belongs to TZ°° , and for T — oo even to X°° , since 

oo 

Jlll^^tlloo < ^IICIloo <O0. 

3 Conditional risk measures 

At each time the risk of a future cumulative cash flow will be assessed by a conditional risk measure 
based on the information available at that time. The following definition was introduced in [llj . 

Definition 3. A map pt : TZ'^ L'^ for t e T n No is called a conditional convex risk measure (for 
processes) if it satisfies the following properties for all X,Y £ TZ^ 

• Conditional cash invariance: for all m G , 

Pt{X + toItJ Pt{X) - m; 

• Monotonicity: pt{X) > ptiY) if X <Y componentwise; 
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• Conditional convexity: for all A G with < A < 1, 



PtiXX + (1 - X)Y) < Xpt{X) + (1 - X)pt{Y); 



• Normalization: Pf(0) = 0. 

A conditional convex risk measure is called a conditional coherent risk measure (for processes) if it has 
in addition the following property: 

• Conditional positive homogeneity: for all X G with A > 0, 



A sequence (pt)teTnNo is called a dynamic convex risk measure (for processes) if, for each t, pt : TZ'^ 
L'^ is a conditional convex risk measure (for processes). 

Definition [3] is anafogous to the definition of risk measures for random variables; cf. Definition [56l 
Note, however, that conditional cash invariance in the context of processes takes into account the timing 
of the cash payment; the consequences will be discussed in more detail in Section [5l 

3.1 Optional filtration and predictable discounting 

It was already noted in Artzner et al. [?] that static risk measures for processes can be viewed as risk 
measures for random variables on an appropriate product space. In this section we extend this idea to 
the dynamic setting, and we focus on the probabilistic structure of the resulting robust representation in 
terms of probability measures on the optional cr-field. 
Consider the product space {0,, T, P) defined by 



n^rixT, I'^cr{{Atx{t}\At<EJ't,teT), P^P(g)p, 
where p — {pt)teT is some adapted reference process such that X)teT ~ ^ ^^"^ /if > Vi G T, and 



for any bounded measurable function X on (O, J"). 

Note that ^ coincides with the optional cr-field generated by all adapted processes. Every adapted 
process can be identified with a random variable on (Cl, P), and in particular we have 



PtiXX) Xpt{X). 



where 




7^°° = L 



OO 



L^{n,T,P). 



We also introduce the optional filtration {J-t)teT on (^i-^) given by 



{{A, X {j}, AtxTt\ A, G J-,, J <t,At£Tt}), te T. 
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A random variable X = {Xs)seT on (fJ, J- , P) is J^t-measurable if and only if Xg is J^5-measurable for all 
s = 0, . . . , i and X^ — Xt > t. In particular, 

The set TZ^q of all constant processes will be identified with R. 

For T = oo we will use the Lebesgue decomposition of a measure Q G A^ioc(-P) with respect to P. Let 
M = (Aft)tgNo denote the density process of Q with respect to P. The limit Moo '■= linii_>oo Aft exists 
P-a.s., since Af is a nonnegative P-martingale. By [3^1 Theorem VII. 6.1] Moo exists also Q-a.s., and Q 
admits the Lebesgue decomposition 

Q[A] = Ep [IaMoo] +Q[An {Moo - oo}] , A e Too (1) 

into the absolutely continuous and the singular part with respect to P on (f2, J-qo). 

For a measure Q £ A^ioc(-P) we introduce the set T(Q) of optional random measures 7 = {'yt)teT on 
T which are normalized with respect to Q. More precisely, 7 e ^{Q) is a nonnegative adapted process, 
such that 

^7t = l g-a.s., 

tGT 

with the additional property that 

7oo = Q-a.s. on {Moo = 00}, if T = No U {00}. 

We also consider the following set T>{Q) of predictable discounting processes: D ~ {Dt)f£j G T^iQ) is 
a predictable non-increasing process with Dq = 1, and Doc = limt^oo Dt Q-a.s. for T = 00, where 

Doo^O Q-a.s. for T = No, 

and 

Doo = Q-a.s. on {Moo = 00} for T = No U {00}. 
For T < 00 we define Dt+i '■= 0. 

Lemma 4. For any probability measure Q G M.ioc{P), the set T{Q) can be identified with V{Q). More 
precisely, to each 7 in T{Q) we can associate a process D G X'(Q) given by 

t-i 

A:=l-^7., teTnNo, and Doo := 7oo for T = No U {00}. (2) 

s=0 

In particular we have 

Dt^^js Q-a.s. Wt G T. (3) 

seTt 

Conversely, every process D G 'D{Q) defines an optional random measure 7 G r(Q) via 

-ft := Dt - Dt+i, i G T n No, and joo := Doo for T = No U {00}. (4) 
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Moreover, for any pair 7 £ ^(Q) and D G related to each other via ([3]) and the "integration 

by parts" formula 

T 

^7,X, Q-a.s., teT, (5) 
seTt s=t 

holds for any X gTZ'^ if T < 00 orifT = No, and for X & T = No U {00}. 

Proof. It is obvious that the process D defined by ([2]) belongs to ^{Q) and satisfies ([3|), and that 7 
defined by (|4]) belongs to T{Q). To prove ([5]), note that 

t t 

^7«X, = (6) 

for alH G T n No. Thus © is obvious for T < 00, and it also holds if T = No for all X e 7^f , since X is 
bounded and I?t \ Q-a.s.. For T — NoUjoo} and for any X e , the limit DooXoo — limf^oo Dt+iXt 
exists Q-a.s., since Dt \ Q-a.s. on the singular part of Q with respect to P, and so ([5]) follows again 
from ©. □ 

From now on we use the following assumption. 

Assumption 5. In the case T — 00, we assume that for each t E T HNq the a-field Tt is a -isomorphic 
to the Borel a-field on some complete separable metric space, and that n„^n 7^ for any decreasing 
SCQUence (^n)n gNo such that An is an atom of Tn ■ 

We denote by M{P) the set of all probability measures on (O, T) which are absolutely continuous with 
respect to P. The next theorem shows that each probability measure Q in 7M(P) admits a decomposition 
Q(duj,dt) = Q(dw) (g) "f{w,dt) for some probability measure Q on (51, J^t) and some optional random 
measure 7 on T such that Q G A^ioc(P) and 7 £ T{Q). 

Theorem 6. For any probability measure Q € A4{P) there exist a probability measure Q £ A^;oc(P) o,nd 
an optional random measure 7 £ ^{Q) (resp. a predictable discounting factor D £ ^{Q)) such that 



Ec 



tGT 
T 

Y,Dt{Xt-Xt-i) 

,t=o 



(7) 



(8) 



where ([7]) holds for all X £ Ti°° , whereas ^ holds for all X £ TZ°° if T < 00 orifT = No, and only for 
X £X°^ i/T = No U{oo}. 

Conversely, any Q £ A4ioc{P) and any 7 £ T{Q) (resp. any D £ 'D{Q)) define a probability measure 
Q £M{P) such that © and (0) hold. 

We write 

to denote the decomposition of Q in the sense of ([7]) and ([8]). 
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The proof is postponed to Appendix ICl 

Remark 7. A continuous time analogue to Theorem\^ appears independently in Kardaras Theorem 

2. 1 ]. While we make use of the ltd- Watanabe decomposition ( in discrete time, cf. Proposition \58\} and of 
a measure theoretic extension, \28\ Theorem 2.1] gives a direct construction of a discounting process and 
a local martingale, without relating the latter to a probability measure Q in the general case. 

3.2 Conditional risk measures viewed on the optional filtration 

In the previous section we have identified processes in TZ°° with random variables in L°° . This induces a 
one-to-one correspondence between conditional risk measures for processes and conditional risk measures 
for random variables on the optional cr-field: 

Proposition 8. Any conditional convex risk measure for processes pt '. 72.^ for t G T n No 

defines a conditional convex risk measure on random variables pt : L°° — > via 

Pt(X) = -Xol{o}--..-^t-il{t-i}+Pt(^)lT,, x^n^, (9) 
where we use the notation 

Pt{x) -.^ Pt o TTtMx) for xen^. 

Conversely, any conditional convex risk measure on random variables pt : — is of the form ([9]) 
with some conditional convex risk measure on processes pt : TZ"^ — > L'^ . 

Proof. Clearly, pt defined via ([9]) is a conditional convex risk measure in the sense of Definition [56l To 
see, e.g., conditional cash invariance, let m G Z^, i.e. m = (jriQ, . . . , mt-i,mt, mt, . . .) with rui G L°° for 
i = . . . ,t. Then 

Pt{X + m) = (-Xo - Too, • ■ • , -Xt-i - mt-i,pt{X + m),pt{X + to), . . .) = Pt{X) - m 
by conditional cash invariance of pt. 

To prove the converse implication, let pt : L°° be a conditional convex risk measure for random 

variables. Since At := ilx {0, . . . , i — 1} G -^t, the local property (cf., e.g., pL7j Proposition 2]), conditional 
cash invariance and normalization of pt imply 

Pt{X) = lA,Pt{lA,X) + lAlPt{lA^,X) = -XoI{o} Xt-il{t-l} + Pt{Xh,)h,. 

Finally, it is easy to see that pt : 72J" — > defined by pt{X) :— {pt{X))t is a conditional convex risk 
measure for processes in the sense of Definition [3] □ 

Let Pt : Tlf L"^ be a conditional convex risk measure for processes, and consider the correspond- 
ing acceptance set 

At = {X^nT \pt{X)<Q}. 
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Then the acceptance set of pt related to pt via dU is given by 
At 



{ X e Z°° I pt{X) < P-a.s.} 
{X G 7^°° I > OVs = 0, - 1, ptiX) < P-a.s.} 
At + > 



X X {0} X 



For each Q G A4{P), the minimal penalty function of pt is given by 

at iQ) = Q-ess sup Eq [-X {Tt]. 

xeAt 

Due to ([T(7)l and Corollary [511 this takes the form 

atiQ) = at(0)lTt, 
where at{Q) denotes the minimal penalty function of pt and is given by 



at{Q ® "i) ^ at{Q ® D) = Q-ess sup i?Q 

XeAt 



Q-ess sup Eq 



sST, 



-T^XJ Tt 
^ Dt ' 



Pt{X) 



(10) 



(11) 



(12) 



Here Q ® D = Q ® ^ denotes the decomposition of the measure Q in the sense of Theorem [6l Note that 
a.t{Q ® 7) is well defined Q-a.s. on {Dt > 0}; cf. Corollary [511 



3.3 Robust representations 

In this section we derive a robust representation of a conditional convex risk measure for processes which 
expresses explicitly the combined role of model ambiguity and discounting ambiguity. Our proof will 
consist in combining the robust representation of risk measures for random variables as stated in [17], 
[5], 0) [Z^j |Z^j and [1], with our Decomposition Theorem |6] for measures on the optional cr-field. 
The following continuity property was introduced in [Tl. Definition 3.15]. 

Definition 9. A conditional convex risk measure pt '■ TZ'^ for processes is called continuous 

from above if 

Pt{X"') pt{X) P-a.s with n ^ 00 
for any decreasing sequence {X"')„ C TZ°° and X G TZ°° such that X" \ Xs P-a.s for all s G Tt- 

Theorem 10. A conditional convex risk measure for processes pt is continuous from above if and only 
if it admits the following robust representation: 



Pt{X) = ess sup ess sup Eq 



at{Q<^l) 



X 



(13) 
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where at is defined in (fT2|) . 



Q'r { Q e MiociP) iQ^PonJ^t}, 



^tiQ) :={7€r(Q)|7, = OV.s<t}. 

Proof. It is easy to check that pt is continuous from above if and only if the conditional risk measure pt 
defined in ^ is continuous from above. By Theorem [571 continuity from above of pt is equivalent to the 
robust representation 

PtiX) = ess sup {Eq [-X I Ji] - at{Q)) , 



QeQt 



where 



Qt -{QeMiP) \ Q = P on Tt} 
Using Corollary [62l this takes the form 



Pt{X) = -Xol{o} 



Xf_il{f_i} + ess sup Eq 



seTt 



(14) 



at(Q®7) It,, (15) 



where D is related to 7 via Lemma [M] implies that Q (E) j E Qt if and only if Q G Qj""^, and 
7s = /is for s = 0, t — 1; in particular I?t = SssTt ^ ^'-'^ each Q S Qj""^ we can identify the set 
{(■^)seTt I Q (8) 7 € Qf} with Ff (Q), and so the representation (flS]) follows from (fT5|) due to ([9]). □ 

Using the integration by parts formula (O we can rewrite ([T^ as follows. 

Corollary 11. /n terms of discounting factors, the representation (1131) takes the following form for 
X eTZ^ if T < 00 or ifT = No, and for X & Xt°° i/ T = No U {oo}.- 



Pt{X) = ess sup ess sup Eq 



D,AX, I 



(16) 



where 



Vt{Q) = {De V{Q) I Ds = 1 V s < i} 



Remark 12. In fllf Cheridito, Delhaen, and Kupper consider the cases T < 00 and T = No- They work 
on the space TZ°° equipped with the dual space 



:= i a = {at)teT I « adapted, Ep 



^|at -at-i\ 



LteT 



< 00 



where a-i := 0. The robust representation of conditional convex risk measures in Ulf is formulated in 
terms of the set 



T^o.T ■= \ a £ \ at > at-i for allt £ T, Ep 



^{at -at-i) 



= 1 
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cf- Ul\ Theorem 3.16]. Note that Vq^t can be identified with the set Ai{P). Indeed, every a G 2?o,t defines 
a density Z of Q ^ Ai{P) via 

Ztfit = at - af_i, t eT, 

and vice versa. By emphasizing M.{P) rather than T>q t we take a more probabilistic approach. In par- 
ticular, we exploit the decomposition Q = Q®^^Q®D of probability measures in M.{P). This has 
two advantages. In the first place it allows us to make explicit the joint role of model uncertainty, as 
expressed by the measures Q G AiiodP), and of discounting uncertainty, as described by the discounting 
processes D G T>(Q). Moreover, the probabilistic approach allows us to discuss the case T ^ oo in terms 
of a measure theoretic extension problem, and it will be crucial for our analysis of the supermartingale 
aspects of time consistency. 

As a special case, our representation (1161) applied for T = I at t = to the process (0,Xt) with 
Xt G L°° , yields the representation (4.5) in 11 9\ Corollary 4-4] static context of cash subadditive 

risk measures for random variables; cf. also Remark \37\ 

In the same way as in Theorem [TUl the robust representations (|^T|) and [301 Lemma 3.5] for 

conditional convex risk measures for random variables translate into representations in our context which 
use a smaller set of measures: 

Corollary 13. A conditional convex risk measure on processes pt is continuous from above if and only 
if any of the following representations hold: 



< oo 



1. Pt is of the form (jl3p . where the essential supremum is taken over the set 

I Q 7 I Q e Q^, 7 e TtiQ), Eq [( ^ Ps)at{Q 7) 

2. for allQ ^Q® D e M{P) and X G we have 



pt{X) = Q-esssup ( jtEr 



- I J't 

. seTt 



at{R(S)0] Q-a.s. on {Dt > 0} 



where 

QtiQ) ■.= {ReM{P) \R^Q\f^}. 

Moreover, if there exists a probability measure P* ^ P on (Tl,^) such that at{P*) < 00, then continuity 
from above is also equivalent to a representation of the form (1131) as an essential supremum over the set 

{Qr^l\QeMl,{P), 7er(g)}, 

where 

ViQ) { 7 G r(Q) I 7t > P-a.s. for all teT}. 



11 



4 Supermartingale criteria for time consistency 



In this section we discuss different notions of time consistency and derive corresponding criteria in terms 
of supermartingales. 

4.1 Strong time consistency and its characterization 

A strong notion of time consistency for risk measures for processes was introduced and characterized in 
[TT] and [12]. Here we adopt the definition from [11], cf. [11] Definition 4.2, Proposition 4.4, Proposition 
4.5]. 

Definition 14. A dynamic convex risk measure for processes (pt)teTnNo ''^ called (strongly) time 

consistent if for all t in T such that t < T and for all X,Y £ TZ°° 

Xt^Yt and pt+i{X) < pt+iiY) =^ Pt{X) < ptiY). (17) 

Note that a dynamic risk measure for processes (pt)tgTnNo is time consistent if and only if the cor- 
responding dynamic convex risk measure for random variables (pt)teTnNo on L°° defined by ([9]) is time 
consistent, that is, if pt+iiX) < pt+iiY) implies ptiX) < pt{Y) for all X,Y e L°° and aU t e T, f < T. 
Criteria for time consistency of risk measures for random variables were studied intensively in the lit- 
erature, see, e.g., [17], [29], [4], [20], [6], [7], [1] and the references therein. Using Proposition [8] we can 
translate these criteria into our present framework. 

By |201 Proposition 4.2] applied to p, time consistency (|17p of p is equivalent to recursiveness, that is 

Pt{X) = pt{Xtl{t} - pt+i(X)lT,+J (18) 

= -Xt + pt{-pt+l{X - Xt)lTt+r). 

If we restrict the conditional convex risk measure pt to the space L°°(f2, Tt+i, P), the acceptance set 
is given by 

A,t+i := {XeL^in,Tt+i,P)\pt{X)<0 P-a.s.} 
= A^t+i+LS°+x...xL^i_+x{0}x..., 

where 

At,t+i:={X eTZZ+i\pt{X)<0}, teT, t<T, 

denotes the acceptance set of the risk measure for processes pt restricted to TZf^f^^. The corresponding 
one-step minimal penalty function for pt takes the form 

at,t+i(Q) := Q-esssup£:Q[-X I J^t] = at,t+i{Q)l{t,t+i,...}, Q G MiP), 

X£At,t+i 

where the function at,t+i{Q) is given for Q — Q(E)D — Q(E)jE Ai{P) by 

at,t+i {Q(E)D) = ^ Q-ess sup Eq [-jtXt - A+i^t+i \ J't] , teJ, t < T, 
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due to Corollary [62l Note that the penalty functions at{Q<E)D) and at^t+iiQ ^ D) are only defined Q-a.s. 
on {Dt > 0}. In the following we define for Q G M{P) 

at{Q ® D) := oo, at,t+s{Q ® D) := co Q-a.s. on {A = 0} 

for all t, s > 0, and use henceforth the convention • oo := 0. 

The following result characterizes time consistency in terms of a splitting property of the acceptance 
sets and in terms of supermartingale properties of the penalty process and the dynamic risk measure. It 
translates [20l Theorem 4.5] and [1] Theorem 17] to our present framework. 

Theorem 15. Let {ptjtefnno be a dynamic convex risk measure on TZ°° such that each pt is continuous 
from above. Then the following conditions are equivalent: 

(i) (pt)tgTnNo is time consistent; 
(ii) At = At,t+i + At+i for allteT,t< T; 
(lii) forallteT,t<TandQ^Q(E)De M{P) 

DtatiQ ® £>) = Dtat^t+i[Q ® D) + EQ[Dt+iat+i{Q ® D) \ Tt] Q-a.s.; 

(iv) for all X e , teT, t<T, and Q ^ Q (g) D e M{P) 

EQ[Dt+i{Xt + Pt+i{X) + at+i{Q ® D)) \ J^t] < Dt{Xt + pt{X) + at{Q ® D)) Q-a.s.. 

Moreover, if there exists a probability measure P* w P on {Q,J-') such that ao{P*) < oo, condition (iv) 
stated only for the measures 

Q* := {Q eM'iP)\ao{Q) <oo} (19) 
= {Q®7 I QeA^L(P), 7er(Q), aoiQ (g> j) < <x} 

already implies time consistency, and the robust representation p3p of pt also holds if the essential 
supremum is taken only over the set Q* . 

Proof. Follows from 1, Theorem 17] and '2U', Theorem 4.5] applied to pt defined in ^ using Corollarv[62l 

□ 

Remark 16. Equivalence of time consistency and (ii) of Theorem 1 1 5\ holds without assuming continuity 
from above and was already proved in Ull Theorem 4-6]. Characterizations of time consistency in terms 
of penalty functions as in condition (Hi) are given in Theorem 4. 19, Theorem 4. 22]. However, the 
latter results use neither the decomposition of Q into a measure Q and a discounting factor D, nor the 
one-step penalty functions at.t+i. The role of atj+i in condition (Hi) is analogous to the corresponding 
characterization of time consistency of risk measures for random variables in 16, Theorem 2. 5] and \2CI\. 
Theorem 4-5]. In the same way, the supermartingale characterization (iv) of time consistency translates 
the corresponding criterion from f20^, Theorem 4-5] into our present framework. 
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Assumption 17. From now on until the end of Section^ we fix a time consistent dynamic convex risk 
measure for processes (pt)teTnNo such that each pt is continuous from above. 

In the following we use the notation 

Qo-.^ {Q(^D eMiP)\ aoiQ ®D)<oo}. 

Corollary 18. 1. For any Q — Q ® D £ Q^, the discounted penalty process {Dtat{Q (X" -D))tgTnNo ^s 
a nonnegative Q-supermartingale. Its Doob decomposition is given by the predictable process 



I. e.. 



k=0 

Mf^'^ := DtatiQ ^ D) + Af'^ , teTnNo, 



(20) 



is a Q-martingale. 
2. For all X e 7?.°° and all Q £ Qq, the process 

t 

Wt^'''iX):^Dtpt{X-XtlT,) + J2Ds{-AX,) + Dtat{Q^D), teTnNo, (21) 

s=0 

is a Q-supermartingale. 

4.2 Riesz decomposition of the penalty process and the appearance of bub- 
bles 

The following proposition characterizes the martingale M'^'^ in the Doob decomposition of the Q- 
supermartingale {Dtat{Q D))t^jr\Na from Corollary [THl it translates [TJ Proposition 21] and [32l Propo- 
sition 2.3.2] into our present context. 

Proposition 19. The martingale M^'^ in ([20|) is of the form 



M?^° = Eq 



T-l 



Dkak,k+i{Q ® D) I Ft 



Lfe=0 



where 



n: 



if T <oo 

lim Eq [DsasiQ <E>D)\Ft] ifT^oo 



-a.s., teTnNo, 



Q-a.s., ieTHNo, 



is a nonnegative Q-martingale. Thus the Riesz decomposition of the Q-supermartingale {Dtat{Q (X" D)) 
into a potential and a martingale takes the form 



Dtat{Q(^D) = Eq 



T-l 



YDkak.k+i{Q®D)\Tt 



.k=t 



-a.s., teTnNo. 



(22) 
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Proof. Property (iii) of Theorem [15] yields 



DtatiQ) - Eq 



t+s-l 
k=t 



EQ[Dt+sat+s{Q)\^t] Q-a.s. 



(23) 



for all t,s gNq s.t. t + s E T and all Q g Ai{P). For T < oo the claim is obvious, since ariQ) = P-a.s.. 
For T = oo, by monotonicity there exists the limit 



S?'"" = lim Eq 



^^Dkak,k+i{Q) I J^t 



k=t 



Dkak,k+i{Q) I -^t 



/c=t 



Q-a.s. 



for all i G T n No , where we have used the monotone convergence theorem for the second equality. Thus 
([23l) implies existence of 



lim EQ[Dt+sat+s{Q)\J^t] Q-a.s., t £ T n No 



and 



g-a.s., iGTnNo. 



The process {Sf'^) is a Q-potential. Indeed, 



eq[s: 



< Er 



Dkak,k+i{Q) I -^t 



< ao(Q) < 



and Eq[S^^^ \J't] < S'j'^''^ Q-a.s. for all < e T n No by definition. Moreover, monotone convergence 
implies 



lim Eq[S?''']=Eq 

t—^oo 



lim Dkak.k+i{Q) 



k=t 



= Q-a.s., 



The process {N^'^) is a nonnegative Q-martingale, since 

Eq[N^^+? - Nf^'^'l^t] = EQ[Dt+iat+im^t] ~ Dtat{Q) - Eq[S^_;^ - 5?'^|-Ft] 
= Dtat,t+iiQ) - Dtat^t+i{Q) = Q-a.s. 

for alH G T nNo by property (iii) of Theorem [15] and the definition of [Sf'^). 



□ 



The nonnegative martingale N'^'^ , which may appear in the decomposition (|22|) of the penalty process 
for T — oo, plays the role of a "bubble" . Indeed, it appears on top of the "fundamental" component which 
is given by the potential S^'^ generated by the one-step penalties, and this additional penalization causes 
an excessive neglect of the model Q (g) D in assessing the risk. As a result, asymptotic safety breaks down 
under the model Q ® D, as explained in the next section. 



4.3 Asymptotic safety and asymptotic precision 

In this section we discuss the asymptotic properties of dynamic convex risk measures for processes. 
Throughout this section we consider the case T = No U {oo}. We fix a time consistent dynamic convex 
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risk measure for processes (pt)teNo- before, (pt)tGNo denotes the corresponding time consistent dynamic 
convex risk measure for random variables on product space given by ([9]) . 

Let Q = Q®^ — Q®D<E Qo, and let us focus on the behavior of {pt)t&\o under Q. The measure Q 
will now play the same role as the reference measure P in [20t Section 5]. In particular, the assumption 
Q* ^ from [20l Section 5] is satisfied for Q, since Q € Qq. 

The results in [20] imply the existence of the limits 

Oioo{Q) '■= lim ott{Q) and pao{X) '■= lim Pt{X) Q-a.s. 

t-^oo >-oo 

for aU X e 7^°°. Due to ^ and (HH), we have 

Poo(^) = --'^/no + Poo(^)^{oo} and aoo(Q) = aoo(Q)/{oo} Q-a.s., (24) 

where 

Poo{X) := lim pt{X) and aoc{Q) = lim at{Q) Q-a.s. on {L»oo > 0} 

>-oo >-oo 

by 3 of Remark [61] 

Definition 20. We call a dynamic convex risk measure for processes {pt)t&io asymptotically safe under 
the model Q — Q ® D if the limiting capital requirement pao{X) covers the final loss — Xqo, i.e. 

Poa{X) > ~Xoo Q-a.s. on {Doo > 0} 

for any X €11°°. 

Note that due to (|24l) asymptotic safety of (pt)teNo is equivalent to the condition 

Poo{X) > -X Q-a.s., 

i.e., to asymptotic safety of (pt)tgNg in the sense of [20| Definition 5.2]. 

The following result translates [201 Theorem 5.4] and [351 Corollary 3.1.5] to our present setting. It 
characterizes asymptotic safety by the absence of bubbles in the penalty process. This is plausible since, 
as we saw in Subsection I4.2[ such bubbles reflect an excessive neglect of models which may be relevant 
for the risk assessment. 

Tiieorem 21. For a dynamic convex risk measure for processes (pt)t£No and for any model Q — Q®D e 
Qo the following conditions are equivalent: 

1. (pt) is asymptotically safe under the model Q; 

2. the model Q has no bubble, i.e., the martingale N^'^ in the Riesz decomposition (|22|) of the dis- 
counted penalty process {Dtat{Q))tefia vanishes; 

3. the discounted penalty process {Dtat{Q))teNo Q-potential; 

4. no model R ^ Q with ao{R) < 00 admits bubbles. 
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Proof. Properties 2 and 3 are equivalent by ([22|) . and obviously 4 implies 2. 

To prove 1 <^ 2 we use [2Ql Theorem 5.4]. There it was shown that (pt) is asymptotically safe under Q if 
and only if ctooiQ) = Q-a.s. and in L^{Q). By Corollary [BH (dJ), and ^ we have 



LsGTt 



= i?Q[Aat(Q)] 



Thus at{Q) in Li(Q) if and only if Dtat{Q) in L^{Q). This is equivalent to N'^^^ = 0, since 
the bubble N'^'^ — {N^''^)t£fig is a nonnegative Q-martingale with Nq'^ — limt^oo Eq [Dtat{Q)\ . Due 
to dm), iV^'-" = also implies aao{Q) = Q-a.s. on {Dr^ > 0}, thus doc{Q) = Q-a.s. by ((Ml) . 
To prove 2 4 note that asymptotic safety under Q implies asymptotic safety under any model R Q 
with ao{R) < oo, thus no model R admits bubbles by the same reasoning as above. □ 

Definition 22. We call a dynamic convex risk measure for processes {pt)teNo asymptotically precise 
under the model Q = Q -D G Qo */ 

PoaiX) -Xoa Q-a.s. on {Doa > 0} 

for any X e TZ°° . 

By ((24)) . asymptotic precision of (pt) is equivalent to asymptotic precision of (pt) in the sense of [20l 
Definition 5.9]. The following corresponds to [30] Lemma 2.7]. 

Lemma 23. A dynamic convex risk measure {pt)teNo asymptotically precise under the model Q = 
Q ® D G Qo if and only if 

Poo{X)<-X^ Q-a.s on {D^ > 0} for all X e TZ°° . 

Proof. By [20( Lemma 5.1] the functional poo is convex and normalized. This implies 

PooiX)>-p^{-X) for all Xe7^°°. 

Thus we obtain 

-X>p^{X)>-j5ooi~X)>-X Q-a.s for all X G 7^°°, 
which is equivalent to poo{X) ~ Xoo Q-a.s. on {Z^oo > 0} by ((24|) . □ 
The following result translates [2Ql Proposition 5.11] to our present setting. 



Proposition 24. Assume that for each X G TZ°° the supremum in the robust representation psp of 
Po{X) is attained by some "worst case" measure Q^ (E) j'^ = Q^ , such that Q^ w Q. Then (pt)tgNo is 
asymptotically precise under Q. 

Proof. Since po{X) — Pq{X), Q^ is also a worst case measure for po{X). By 1, Proposition 18], the 
measure Q^ is then a worst case measure for X at all times t G No, i.e., 

PtiX) = Eqx [-X\Ft] ~ at(Q^) Q-a.s. G No, 
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and in particular G Qo- By martingale convergence, 



pUX) ^ ~X -ao,{Q^) Q-a.s., 

which is equivalent to 

Poo(^) = -^co - aooiQ^) Q-a.s. on {Doc > 0} 

due to ([24|l . Asymptotic precision of (pt) now follows from Lemma [23l since aoo{Q^) > Q-a.s. on 
{Doo > 0}. □ 



4.4 A maximal inequality for the capital requirements 

For X G 7?.°° and Q ® D e M (P) , we can interpret 



seTt 



at(Q®7) on{A>0} 



as a risk evaluation of the cash flow X at time t e T n No , using the specific model Q and the specific 
discounting process D. The next proposition provides, from the point of view of the model Q, a maximal 
inequality for the excess of the required capital pt{X) over the risk evaluation F^'^{X). 



Proposition 25. For Q (g) D e M{P), X e Tl°° , and c> we have 

po{X)-F^^''{X) 



sup 

tGTnNo 



{a [pt{X)-F?^^{X))]>c 



< 



(25) 



Proof. Fix Q ® D ^ M{P). If ao(Q (E) D) — oo, then the inequality (l25t holds trivially. Assume that 
ctoiQ (8i I?) < oo. By 2) of Corollary [T3] we have 



Pt{X) > Eq 



^ Dt I 



at{Q(E}j)^ F^-'^iX) Q-a.s. on {A > 0}. 



Thus the Q-supermartingale W'^'^{X) defined in (|2ip satisfies 



51 7.^. I -^t 



.sgT 



Q-a.s. on {A > 0}. 



On {Dt = 0} = {1)^ = Vs e TJ, we have W^'^^iX) = - ^^I^ Ds^X^. Therefore, the process 



51 7.^. I J't 



LsGT 



, teTnNo, 



is a nonnegative Q-supermartingale, and (j25p follows by a classical maximal inequality; cf., e.g., [361 
Theorem VII.3.1]. □ 
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4.5 The coherent case 



Due to positive homogeneity of a coherent risk measure, the penahy function can only take values or 
cxD, and thus a coherent risk measure for processes pt is continuous from above if and only if it admits 
the robust representation 



Pt{X) = ess sup Eq 

yes? 



■ ^^^^ I 

sSTt 



X e 7^^, (26) 



where 

Q? :={QeQt|at(Q)=0}. 

The next theorem reformulates properties (iii) and (iv) of Theorem [15] in the coherent case. This 
involves a translation of the notions of pasting of measures and stability of sets as used in [l] , |15) , |20) 
in context of coherent risk measures for random variables to our present framework. 

For Q^, € M{P) such that <C on J't and for B e we denote by (Bg the pasting of 

and in t via B, i.e., the probability measure on defined by 

Q^A) = Eq, [EQ2[lA\^t]lB + Ib^U] , AeT. 
Theorem [HI yields the decomposition = ® i — 1,2 with <C Q'^ on J^^. Then 

®*B 0' = Q° ® 

where Bt = £ 5} £ J't, and Q° = ©^^ 

Q%A) = Eqi [EQ2[lA\Tt]lB, + Ib^Ia] , AgTt, 

and 

7I ^i = 0,...,t-l 

Here 7' and are related to each other via @ and (g]) for z = 0,1,2. Note that Q° e Xioc(P),£'° £ 
'D{Q'^), in other words, the pasting of (E) with (g) admits a decomposition with the pasting 
of with and the pasting of with I)-^. 

Definition 26. We call a set Q C M{P) stable if, whenever Q^,Q^ £ Q and <^ Q"^ on Ft, the 
pasting of and in t via B belongs to Q for every B e Tt and a// 1 £ T n Nq. 

We associate to any Q £ M.{P) the sets 

Q?(Q) = {i?£X(P) |i? = Q|^^, a((i?)-OQ-a.s.}, 

and 

Qlt+siQ) - { i? « P\f,^^ I R = QW^, o^t,t+s{R) = Q-a.s.} . 

The notion of pasting corresponds to concatenation defined in |11[ Definition 4.10] on A^, and the 
following corollary is related to [11^, Theorem 4.13, Corollary 4.14]. 
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Theorem 27. Suppose that the dynamic risk measure (pt)jgTnNo coherent. Then the following condi- 
tions are equivalent: 

1. (/Ot)teTnNo *s time consistent 

2. For allt eJ, t <T andQ e M{P), 

5. For allt eJ, t <T, X en°° and Q = Q ® D e M{P) such that at{Q) = Q-a.s. on {A > 0}, 
EQ[Dt+i{Xt+pt+i{X))\Tt]<Dt{Xt+pt{X)) and at+i{Q) ^ Q-a.s. on {A+i > 0}. 

Moreover, if the set Q* defined in (fT9|) is not empty, then time consistency is equivalent to each of the 
following conditions: 

4. The set Q* is stable, and pt has the representation 

Pt{X) = ess sup jt-Eq 

for all X &n°° and i G T n No. 

5. The representation p7|) holds for < £ T H No and all X G 7^°°, and the process 

t 

Dtpt{X -XtlT,)-Y.DsAX,, <GTnNo 
5=0 

is a Q-supermartingale for all Q — Q ® D ^ Q* . 

Proof. Follows by applying [1, Corollary 23] and [20, Corollary 4.12] to p defined in ^ and using Corol- 
lary El □ 

Remark 28. Note that due to Theorem \21\ coherence implies that the risk measure is asymptotically 
safe under any model Q — Q ® D £ Qq. Indeed, by 1 of Corollary {TBI iDtat{Q))teNo is a nonnegative 
Q-supermartingale beginning at 0, and hence it vanishes. In particular there are no bubbles in the coherent 
case. 

4.6 Weaker notions of time consistency 

In this section we characterize some weaker notions of time consistency that appeared in |39) , [3], [S], 
[3 7) . |18) . [55] [35], [T] in context of risk measures for random variables. 

Definition 29. A dynamic convex risk measure (jO()tgTnNo on TZ°° is called acceptance consistent (resp. 
rejection consistent ) if for all t £ T such that t < T, and for all X e TZ°° 

Pt{X) < ptiXtl^t} - Pt+iiX)lj,^,) P-a.s. iresp.>). (28) 



E 



(27) 
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Note that (pt)teTnNo is acceptance (resp. rejection) consistent if and only if the corresponding dynamic 
convex risk measure (pt)tiETnNo on L°° defined in (|9]) is acceptance (resp. rejection) consistent in the sense 
of [2 Proposition 24]; cf. also [HI Definition 3.1]. Similar to Theorem [T51 the following theorem translates 
characterizations of acceptance and rejection consistency from [1] Theorem 27, Proposition 29] to our 
present framework. 

Theorem 30. Let (jOt)tGTnNo ^6 dynamic convex risk measure on 72,°°. Then the following conditions 
are equivalent: 

(i) (/Ct)teTnNo acceptance (resp. rejection) consistent; 

(a) At 2 At,t+i + At+i (resp. Cj for allt eT, t < T; 

(Hi) for all X G 72°°, teJ, t <T, and all Q = Q ® D e M{P) 

DtatiQ ®D)> Dtat,t+i{Q «>£') + EgiDt+iat+iiQ ® D) \ Tt] (resp. <) Q-a.s.. 

Moreover, rejection consistency is equivalent to the following: 
(iv) for allt£T,t< T, and all Q = Q (g) D e M{P) 

EQ[Dt+i{Xt + Pt+i{X)) I Tt] < Dt{Xt + pt{X)) + at,t+i{Q ® D) Q-a.s.. 

Corollary 31. 1. For a rejection consistent dynamic convex risk measure, property (iv) of Theorem lSU 
implies that the process 

t t-i 

Dtpt{X - XjItJ " DsAX, - J2 Dsas,s+i{Q), t G T n No, 

s=0 s=0 

is a Q-supermartingale for all Q ^ Q ® D M{P) such that 7?q[^*^q Dgas^s+iiQ)] < foi" all 
teT, t<T. 

2. For an acceptance consistent dynamic convex risk measure, property (Hi) of Theorem \30\ implies that 
the discounted penalty process {Dtat{Q))t£TnNo is Q-supermartingale for all Q = Q ® D £ Qo. 

The following definition translates the weak notion of time consistency from [39] , [4] , [8] , [37] , [35] , [I] 

to our present framework. 

Definition 32. A dynamic convex risk measure {pt)te'tnno on TL°° is called weakly acceptance consistent 

Xt^Q and pt+i{X)<Q =^ pt(X) < 
for all teT such that t < T and for all X £ 72°°. 

Proposition 33. For a dynamic convex risk measure {pt)t£TnNo following properties are equivalent: 
1. (/3t)teTnNo weakly acceptance consistent; 
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2. At+i C At for all teT,t< T; 

3. for allteT,t< T, and all Q = Q (g) D e M{P) 

EQ[Dt+iat+i{Q (8) D) \ Tt] < Dtat{Q ® D) Q-a.s.. 

In particular, if (pt) is weakly acceptance consistent, then the discounted penalty process {Dtat{Q))teTnNo 
is a nonnegative Q-supermartingale for each Q — Q ® D ^ Qo- 

Proof. Follows from [1, Proposition 33] applied to pt defined in ([9]). □ 

5 Cash subadditivity and calibration to numeraires 

As noted after Definition [3j cash invariance of risk measures for processes differs from the corresponding 
property of risk measures for random variables, since it takes into account the timing of the payment. This 
aspect can be made precise using the notion of cash subadditivity. Cash subadditivity was introduced 
by El Karoui and Ravanelli [19| in the context of risk measures for random variables in order to account 
for discounting ambiguity. It will be shown in Proposition I36[ and it is also apparent from the robust 
representation given in Subsection 13. 3[ that every risk measure for processes is cash subadditive. Thus 
risk measures for processes provide a natural framework to capture uncertainty about the time value of 
money, and a systematic approach to the issue of discounting ambiguity. 

5.1 Cash subadditivity 

Definition 34. A conditional convex risk measure for processes pt is called 

• cash subadditive if 

pt{X + mlT,^^) > Pt{X) - m, Vs>0, V m e , m > 0; (29) 

• cash additive at time t + s, with s > and t + s £T, if 

Pt{X + mlf^^J = Pt{X) - m, WmeLf, 

• cash additive if it is cash additive at all times s G Tj+i. 
Remark 35. Note that ([29l) is equivalent to 

pt{X + mlj^^^) < pt{X) ~ m, Vs>0, m £ , m < 0, 
since pt{X) ^ pt{X + rnlTt+, - mlj^^J. 

Cash subadditive risk measures account for the timing of the payment in the sense that the risk is 
reduced by having positive inflows earlier and negative ones later. Other equivalent characterizations of 
cash subadditivity can be found in |19[ Section 3.1]. 

As noted in |12) in the time consistent case, cash subadditivity is an immediate consequence of the 
basic properties of a conditional risk measure for processes. 
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Proposition 36. Every conditional convex risk measure for processes pt is cash subadditive. 
Proof. Cash subadditivity follows straightforward from monotonicity and cash invariance of pt'. 

PtiX) -m = pt{X + mlxj < pt{X + mlT,+J, Vs > 0, V m e L^, m > 0. 

□ 

Cash subadditivity of risk measures for processes is also apparent from the robust representation given 
in Subsection 13.31 due to the appearance of the discounting factors. 

Remark 37. In particular, for T < oo or T = Nq U {oo}, every risk measure for processes restricted to 
the space {X g TZ°°\Xt = 0, t < T} defines a cash subadditive risk measure on L°° in the sense of \lfA 
Definition 3.1]. 

Remark 38. For T = Nq, a conditional convex risk measure for processes pt that is continuous from 
above cannot be cash additive. Indeed, if pt is cash additive at t + s for all s > 0, continuity from above 
implies for X £ 7?,°° and m £ , to > 0, 

—TO + pt{X) — pt{X + TOlTt_|_J Pt{X) with s CO, 

which is absurd. The interpretation of this result is clear: If we are indifferent between having an amount 
of money today or tomorrow or at any future time, then any payment can be shifted from one date to the 
next, and so it would never appear. 

The following proposition describes the interplay between time consistency and cash additivity. 

Proposition 39. Let {pt)tei:nNo ^6 ^ time consistent dynamic convex risk measure on TZ°° such that 
each Pt is cash additive at time t + 1. Then each pt is cash additive. 

Proof. Follows by induction using one-step cash additivity and recursiveness (|18p . □ 

In view of Proposition [39l and Remark [38] we obtain the following result. 

Corollary 40. For T ~ Nq, a dynamic convex risk measure {pt)tetia on TZ°° such that each pt is contin- 
uous from above and cash additive at time t + 1 cannot be time consistent. 

Remark 41. Corollary \^C\ and Remark \38\ heavily depend on the assumption of continuity from above, 
which was formulated as a global property. For T = No, the corollary in fact suggests to replace global 
continuity from above by a local version; this is done in \21^ . 

5.2 Calibration to numeraires 

Cash additivity can be seen as additivity with respect to the numeraire 1. In this section we discuss 
additivity with respect to other possible numeraires. To this end we formulate conditional versions of 
some results from [l9] . 



23 



Assumption 42. In the rest of Section [H all conditional convex risk measures pt are assumed to he 
continuous from above. 

As usual, we denote by at the minimal penalty function of pt , and for t G T n No we define 
Q^= { g G Qt I at{Q) <<x], { e I at{Q) < 00} , 

where 

Qt ■.= {QeM{P) \ Q = P on Tt}, 

and Qt is defined in ([Tl)) . 

The following lemma is a conditional version of [HI Lemma 2.3]. 

Lemma 43. Let pt : L°° L"^ he a conditional convex risk measure for random variahles, and let 
N G L°° . Then the following conditions are equivalent: 

(i) ptiXtN) = XtPtiN) for all Xt G ; 

(11) Eq[-N \Ft]^ pt{N) for all Q e Q-^ ; 

(Hi) pt{X + XtN) = pt{X) + XtPt{N) for all X £ L°° and all Xt G . 

Proof, (i) (ii). (i) and the robust representation imply for each At G and Q £ Qt 

XtPtiN) = PtiXtN) > XtEQ[-N\J^t] - atiQ)- 

If atiQ) < 00, we have atiQ) > -XtiEQ[N\J^t] + PtiN)) for any A* G L^, thus pt(iV) = EQ[~N\Tt\. 
(m) iiii) follows from the robust representation (j43|) . and iiii) => (i) from normalization. □ 

Due to (i) of Lemma l43l we can assume without loss of generality that the random variable N satisfies 
the condition ptiN) = — 1. Then condition (ii) of Lemma l43l means that the conditional expectation of 
the "numeraire" N is unique under all relevant probability measures, and condition (iii) can be viewed 
as additivity with respect to the numeraire N: 

PtiX + XtN) ^ PtiX) - Xt VXgL°°, VAtGi^- 

The following proposition translates Lemma l43l to the framework of risk measures for processes. 

Lemma 44. Let pt : TZ^ — >■ £^ he a conditional convex risk measure for processes, and let Ng G L'^ 
for some s G Tt+i. Then the following conditions are equivalent: 

(i) ptiXtNslY,) = XtPtiNslT^ for all Xt G L^ ; 

(it) Eq \-N,^ Ft 1 = PtiNslj^ forallQ^Q^De Qf 



^00 



(iii) for all X eTlf and Xt G L^ 

PtiX + AtiV.lTj = ptiX) + Atpt(7V,lTj. 



24 



Proof. Consider the conditional convex risk measure pt : L°° — >■ associated to pt via ([9]). The 
hnearity condition (i) for pt is equivalent to 

PtiXtNslrJ = XtPtiNslTj VAt e L^, 

i.e., Pt is linear on {AjTV^It^ | Aj S i^}. By Lemma 1151 and © this is equivalent to 

EQ[-NslTjTt]= PtiNslrJlT, g-a.s. VQ = Q®i?GQ^, 

and this is equivalent to (ii) by Corollary |62] In the same way, Lemma |43] and ([9]) imply that (i) is 
equivalent to (iii). □ 

Since each D e 'Dt {Q) is non-decreasing. Lemma l44l applied to A^s = 1 for some s > t yields the 
following characterization of cash additivity: 

Corollary 45. A conditional convex risk measure for processes pt '■ 7?.^ L'^ is cash additive at time 
s G Tf+i if and only if 

Dt = A+i = Q-a.s. 

for all Q ^ Q (g) D e Qf. 

In other words, cash additivity at time s > t means that there is no discounting between t and s in 
all the relevant models. In particular we have the following proposition. 

Proposition 46. A conditional convex risk measure for processes pt is cash additive at time s G Tt+i if 
and only if it admits the robust representation 



Pt{X) — ess sup ess sup Eq 



- J2 ^^^^ I 



at(Q®7) , XG7^^• (30) 



In this case pt is cash additive up to s, i.e., at all times i + 1, . . . , s. 

In particular, if T < oo or i/ T = Nq U {oo}, a risk measure for processes pt is cash additive if and 
only if it reduces to a risk measure on L°° : 

Pt{X) = ess sup {EQ[-XT\Ft] ~ PtiQ)) , (31) 
QeQt 

where Pt{Q) '■— ctt{Q ® (^{t}); ^.i^d <5{t} denotes the Dirac measure at T. 

Proof. Obviously representations pop implies cash additivity up to time s. The converse follows from 1) 
of Corollary [T51 and Corollary SS] To prove the last part of the assertion, note that Tt{Q) — {<5{t}} if 
T < cx) or T = No U {oo}. Moreover, we have Q P for any Q G 2^°^= such that Q (g) S{t} & Qt- This 
is obvious for T < oo, and it follows from Lemma [63l if T = Nq U {oo}, since — 1 Q-a.s. in this case. 
Thus the representation pTjl follows from ((30|) . □ 



Remark 47. In particular, in the cash additive case and for T < 00 or T = No U {00}, the results of 
Section reduce to the corresponding results for risk measures for random variables from \2(A W/. 
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The following example extends |19l Proposition 2.4] to our present framework. 

Example 48. Let pt : TZ'^ L^ be a conditional convex risk measure for processes. Assume that there 
is a money market account (-Bt)tgTnNo in Example\^ and that zero coupon bonds for all maturities 
A; > i, G T n No are available at prices Bt^kj respectively. 

Suppose that pt satisfies the following calibration condition; 

PtiXt^liJ ^ -XtBt.k yXt^L^, VfceTtnNo. (32) 
Lemma applied to Nk = -pr- implies that the calibration condition (|32p is equivalent to 

Pt(x + Xt^if\=Pt{x)-\tBt,k VXeTzr, "^XteLr, VfceTtnNo, 



and also to 

p ~BtDk 



Bt,k ykeTtDEo, yQ^Q^DeO^. (33) 



Bk Dt 

Using p3p . the robust representation from part 1 of Corollarv MSl and monotone convergence for T = oo, 
it can be seen that the calibration condition (|32p is equivalent to the following one, that may seem stronger 
at first sight: 



Pt 



T \ T 



\k=t+l / k=t+l 



Moreover, if the short rate process (rt), and hence also the money market account (i3s)seTnNo 'is 
predictable, then (j33p implies 

Bt A+i _ „ 
nt+l L>t 

and thus Dt+i = Dt for all Q — Q ® D £ Q", since Bt.t+i = (1 + rt+i)^^ by a standard no arbitrage 
argument. Hence pt is cash additive at time t+1 by Corollary \45\ In particular, if a dynamic convex risk 
measure (pt) is time consistent, and if each pt satisfies the calibration condition ()32p with a predictable 
money market account, then each pt is cash additive by Proposition \39[ In view of Remark \38l a time 
consistent dynamic convex risk measure that is continuous from above cannot satisfy condition (j32p for 
allteT ifT = Nq. 



6 Examples 

In this section we illustrate our analysis by discussing some examples, in particular analogues to classical 
risk measures for random variables such as the entropic risk measure and Average Value at Risk. Another 
class of examples is obtained by separating model and discounting ambiguity in the robust representations 
of Subsection 13.31 



26 



6.1 Entropic risk measures 



In this section we introduce entropic risk measures for processes. As a first variant we simply take the 
usual conditional entropic risk measure on product space, that is the map pt : — defined by 

-pt{X) = ^\ogEp [e-«'^ I J-t] 

with risk aversion parameter Rt = {tq, . . . ,rt-i,rt,rt, . . .) G L"^, where Vs > and r^^ e L"^ for all 
s = 0, . . . , and e-^*^ = (e-'-=^0«eT. 

For an optional probability measure v — (:^s)sgt on T, we denote by i/* the normalized restriction to 
Tt, i.e. 



0, otherwise 



for s e Tt 



Proposition 49. The conditional entropic risk measure for processes pt : TZ'^ — > associated to pt 
via © takes the form 

p,(X)=pf'-'(-pr(")^-(-)(X.H)). (34) 

Here : L°° — s> denotes the usual conditional entropic risk measure for random variables with 

risk aversion parameter rt : 

pf^' {Y) = - log Ep [e-^^^ \Tt]. YeL^. 

n 

On the other hand, p^'^ : M.J — J> K is the entropic risk measure "with respect to time ", defined on the set 
of sequences = {x — {xs)s£t\xs S 1R Vs, sup^g^^^s < oo} by 

Pt 



for a given probability measure v onT and a risk aversion parameter r G M, r > 0. 
The minimal penalty function at of pt is given for Q ® ^ € M. {P) by 



at{Q®l) = —Eq 
rt 



+ l-EQ[H{^H-)\i^\-mti 



(35) 



where H{-\-) is the usual relative entropy for probability measures on Tt, Ms = fplj^'^, s G T H No, and 
Moo = linit^oo Mt P-a.s. i/ T No U {oo}. 

Proof. Using CoroUarv [5^ we obtain 



Pt{X) ^ ~Xl^o,...,t^i} + -logE 



E 

.seTf 



--^^IfO,. ..,*-!} + Pt 



P,rt 



P\ It. 



= -xi{o....,*-i} +pr'-' (-pr^"^''"'^"^ (x.(^))) It.. 
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To prove the second part of the claim, note that the minimal penalty function at of pt on M. (P) takes 
the form 



atiQ) 



1 

lit 



HtiQ\P), 



where Ht{Q\P) — EQ^og^\Tt] is the conditional relative entropy of Q with respect to P, and Zg 
denotes the density of Q with respect to P on J'g; see, e.g., [171 Proposition 4]. Using Theorem [6l 
CoroUaryinil and dH]) we obtain for each Q = Q (g) 7 g M{P), 



J2 log 



Hence the minimal penalty function at of pt on M.(P^ is given by 



1 

-Eq 

n 



Yl log 



Mf 



Tt 



-Er 



log 



.seTf 



Tt 



T.^slog-\Tt 

.seTt 



-EQ[H{j\.)\p'{-))\Tt_ 



□ 



One can characterize time consistency properties of the dynamic entropic risk measure for processes 
(pt)teTnNoj where each pt is given by (p4| . using the corresponding results for (pt)tgTnNo- In particular, by 
[U Proposition 37] (cf. also [32l Proposition 4.1.4]), the entropic risk measure (yOt)t6TnNo is time consistent 
if the risk aversion parameter is constant, i.e., rt — ro for alH e TnNo, and (/3t)tGTnNo is rejection (resp. 
acceptance) consistent if rt > rt+i (resp. rt < rt+i) for alH G T n Nq. 

Remark 50. A time consistent dynamic entropic risk measure (/Ot)tgTnNo asymptotically precise under 
the reference measure P, and hence under each Q G M{P), due to Proposition \24\ Indeed, for each 
X G TZ°° the supremum in the robust representation (|13|1 of po{X) is attained by a "worst case" measure 
Tap for each X G 7^°°; cf, e.g., 123, Example 4.33]. 

Formula psp for the entropic penalty suggests to introduce a simplified version of the entropic risk 
measure, where the interaction between Q and 7 in the penalty is reduced as follows: For ut,vt > Q such 
that Ut, Vt, u^^ , v^^ G L 

at{Q®-f) ■= 



, define 



LHt{Q\P) + -EQ[H{^{-)\p.\-))\Tt] 

Ut Vt 

00, 



iiQeQt,jert{P), 

otherwise. 



(36) 



This induces a new conditional convex risk measure pt : TZ^ — >■ via 



MX) 



ess sup 

3GQt.7ert(P) 



ess sup Pt 

7ert(P) 



P.ut 



- Y IsXs I Tt 

^7.^. + ^i^(7(-)lM'(-))) 

seTt * / 



oit{Q®i) 
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Proposition 51. The conditional convex risk measure pt satisfies 

In particular, for Ut = Vt = rt we have 

Pt{X)<pt{X) forallXen^, 
i.e., Pt is less conservative than the entropic risk measure pt in p4|) . 
Proof. Inequality (|37p holds since 



Pt'^'ix) = sup -I - X! y^^" ^ —Hiy\i'*) I y = (ys)sGTt probability measure on Tt > 

I sETt ) 



for any probability measure on T. 



(37) 



(38) 



□ 



Remark 52. Inequality (|38|) implies the converse relation for the respective minimal penalty functions 
of Pt and Pt , and thus and (|35p yield 



Ht{Q\P) > Eq 



^ 7s log I Tt 

LsGTt 



for allQe Qt and e TtiP). 



6.2 Average Value at Risk 

For a given level = (Aq, . . . , At_i, At, Af , . . .) e L'^ such that As G (0, 1] for all s = 0, . . . , i we define 
the conditional Average Value at Risk pt : L°° Lf on the product space in the usual way as 



Pt{X) = esssup{£;QhX|J-t] I Q e Qt,dQ/dP < A"^}. 

Proposition 53. The conditional coherent risk measure for processes associated to pt via ^ depends 
only on Xt, and is given by 



p^(X) = esssup<' Eq 



- ^ Xsls I ^t 



Qe Q^,7ert(Q), 



where M, = ^\jr^, s <eT f] No, and Moo = linit^oo Mt P-a.s. i/T No U {oo}. 
Proof. This is an immediate consequence of (l48l) and Corollary |62] 



(39) 



□ 



Note that a probability measure Q and an optional measure 7 in the robust representation of pt are 
penalized simultaneously. As a simpler alternative, we can consider a "decoupled" version of conditional 
Average Value at Risk, defined by 



Ai,A. 

Pt 



'{X) := esssup^y@i?^ [ ^ ^^7^ j , 



X e nf. 
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Here, Ai and A2 are J^f-measurable random variables with values in (0, 1] 

AV@Ri^{X) = esssup \EQ[~X\Tt] \ Q^Qu'^<^\ , X e L° 



dP - A2 

is the usual Average Value at Risk for random variables, and 

rf' - (7 e Tt{P) \ — <^,seTt 



Us A 



Note that Pt^'^^ is an example of a "decoupled" risk measure of the form (|40| . which will be discussed 
in Subsection [ 



Proposition 54. The conditional coherent risk measure p^^'^^ satisfies 

Pt''^'{x) < p^'^^x) yxen°°. 

In other words, the decoupled version is less conservative than the conditional Average Value at Risk 
defined in p9p with Xf — A1A2. 

Proof. Follows immediately from the definition of p^^'^^. □ 

Remark 55. Recall that the dynamic Average Value at Risk for random variables is not time consistent; 
cf. e.g. Thus neither the dynamic Average Value at Risk for processes (pf*)tgTnNo defined in ([55]) . 
nor its decoupled version (pf ^'^^ )tGTnNo will be time consistent in general. However, if the time horizon 
is finite, backward recursive construction of time consistent dynamic risk measures introduced in Ull 
Section ^.2] (see also ^12, Sections 3.1, 4-^]j !f Section 4-4]) can be applied in order to obtain time 
consistent versions of Average Value at Risk for processes and of its decoupled version. This can be done 
either on the product space using the construction from Sections 3.1] or directly for risk measures 
for processes as in \12\. Sections 4-1]- Indeed, it can be easily seen that if (pt)tgTnNo "■iT'd (pt)teTnNo 
associated to each other via the corresponding time consistent dynamic risk measures obtained by 
recursive construction will be also associated to each other via ([9|). 

6.3 Separation of model and discounting uncertainty 

If the time horizon T is finite, we can replace VtiQ) by Tt{P) due to Remark [SOI and the robust repre- 
sentation (1131) in Theorem [10] can be rewritten in the following form: 



7ert(P) 

Here 



J. 

pt (X) = ess sup il;](y^ Xsjs), X e TZ^ 
^^(Y) = ess sup {EQ[-Y\Tt]-atiQ^j)) , Y e L° 



Q&Qt 

is a conditional convex risk measure for random variables (see, e.g., [ITl Theorem 1]), that depends on 
the discounting factor 7 through its penalty function (i]{Q) := at{Q ® 7). This formulation suggests a 



30 



procedure to construct a simple class of conditional convex risk measures for processes, both for T < oo 
and T = oo, where the dependence of Q and 7 is separated in the following manner: One begins with some 
conditional convex risk measure for random variables ipt '■ L°° — ^ L'^ , specifies some set of discounting 
factors Gt ^ Tt{P), and defines 



Pt{X)= ess sup J V J , X e 7^°° . (40) 

It is easy to see that pO]) defines a conditional convex risk measure pt for processes, and that pt is 
continuous from above if and only if ipt is continuous from above. 

For example, for Gt = {'5{,,}} for some s G Tt, formula pO)) reduces to 

Pt{x) = MX,), X e n°°, 

i.e., Pt is a conditional convex risk measure on i^. More generally, one can fix, as in |T21 Example 4.3.2], 
an optional measure 7 G rt{P), and define Gt = {7}. In this case there is no ambiguity regarding the 
discounting process. For T < 00 and X e 7?.^, or for T = No U {00} and X e , we can switch to 
discounted terms by associating to X a process Y defined via 

Yo := Xo, AYs := DsAX^, s G T n No, and Y^ := lim Yt for T = No U {00}, 

where D is related to 7 via ([2]). Then the risk measure pt defined by (|40p reduces to a risk measure for 
random variables: 

T T 
s — t s—t 

A further example of a risk measure of the form (^(1)) is given in [T21 Example 4.3.3]; cf. also p71 
Example 4.2]. Here we take Gf = { (l{T=s})seTt | G where 0^ denotes the set of all stopping times 
with values in Tf. In this case 

Pt{X) = esssupV'f(X^), 

is the maximal risk which arises by stopping the process {il;t{Xs))seTt i'^ the least favorable way. 



A Robust representations of risk measures for random variables 

The following definition of a conditional convex risk measure for random variables was given in |17) : 

Definition 56. A map pt : L°° is called a conditional convex risk measure for random variables 

if it satisfies the following properties for all X,Y G L°° : 

(i) Conditional cash invariance: For all mt G , 

Pt{X + mt) = Pt{X) - mt 



(a) Monotonicity: X <Y ^ Pt{X) > pt{Y) 
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(in) Conditional convexity: For all A G with < A < 1, 



Pt{XX + (1 - \)Y) < Xpt{X) + (1 - \)pt{Y) 



(iv) Normalization: ptiO) — 0. 

The following theorem summarizes some robust representation results from |17[ Theorem 1] 
Corollary 2.4], and [U Corollary 7] that are often used in this paper. 

Theorem 57. Let pt : L°° — )■ L'^ be a conditional convex risk measures for random variables, 
the following properties are equivalent: 

1. Pt is continuous from above, i.e. 





for any sequence (X")n ^ L°° and X L 



2. for all Q e A4{P), pt has the robust representation 



Pt{X) = q-esssMER[-X\Tt]-at{R)) Q-a.s., 
ReQt(Q) 



X e L 



oo 



where 



at{Q) = Cl-esssnxi{EQ[~X\Tt]- pt{X)) 



and 



Qt{Q) ■.= {ReM{P) I i?-Q|^J; 



3. Pt has the robust representation 



Pt{X) =esssup(i;Q[-X| J't] -at{Q)) P-a.s., 
QeQt 



X e L 



with Qt Qt{P); 



4. Pt has the robust representation 



Pt{X) = esssup(£'Q[-X \Ft]~ at{Q)) P-a.s., 
QeQ( 



X € L 



with 



Q{ ■■^{QeQt\EQ[atm<^}- 
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B Ito-Watanabe decomposition 



The following is the discrete time version of the Ito-Watanabe factorization of a nonnegative supermartin- 
gale; cf. E^. 

Proposition 58. Let U — (J7t)t6TnNo be a nonnegative P-supermartingale on ($7, J-", (J^t)tgTnNoj ^) with 
Uq = I. Then there exist a nonnegative P-martingale M = (Mt)tgTnNo O'^d a predictable non-increasing 
process D — (i'tjteTnNo such that Mq = Do = 1 (ind 

Ut=MtDt, teTnNo. (44) 

Moreover such a decomposition is unique on {t < tq}, where tq := mi{t > 0\Ut — 0}. 

Proof. We first assume that there exists a decomposition of U as in (|44p and prove its uniqueness on 
{t < To}. Indeed, on {t < tq} ^ {Ut > 0} = {Mt > 0} n {A > 0} we have 

Ep[Ut+i\J^t] ^ Dt+i Ep[Mt+i\Tt] ^ Dt+i 
Ut Dt Mt Dt ' 

and hence the process D in the decomposition ([^^ is uniquely determined on {t < tq} by 

D,JllMlf±m^ 0<t<r,. 

8=0 ^'^ 

Moreover, on {Dt > 0}, 

Mt = ^, 
A 

and thus also the process M in the decomposition pij) is uniquely determined on {Dt > 0} I) {i < to}. 
To prove the existence of a decomposition as in p4)) . define the processes D and M via 



nEp[Us+l\Ts] r r, ^ , ^ 
^t-. K ' f-0<^<To, 

0, otherwise 
and 

M.= ||' o.{Dt>Ol 
[ Mt-i, on{A = 0}. 

Clearly, D is predictable and non-increasing with Do ^ 1 and Dt > for all t, and M is adapted with 
Mq — 1 and Mt > for all t. It remains to show that M is a martingale. Indeed, 

Ep[Mt+i\Tt] = Ep[Mt+iliD,^,=o}\J't]+Ep[Mt+iliD,+,>o}\J^t] 

1 

= Mtl{Dt+i=o} + 7:; Ep[Mt+iDt+i\Tt\l{Dt+i>o} 

iJt+i 

- M^ j_ _J_Ep\Ut+i\^ 

- Mtl{Dt^^=Q} + ^^J- Al{Dt+i>0} 

1 A+1 

= M^tl{D 0} + 75 p^C^tl{Dt+i>0} 

-L^t + l iJt 

= Mt, 

where we have used that J7t > on {Dt+i > 0}. □ 
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Remark 59. Since U is a nonnegative supermartingale, the following equivalence holds on {tq = t\: 
Dt = {) ^ Ep[Ut\Tt-i] = ^ P[Ut = 0\Tt-i] = 1. 

Thus Df = on the event {tq — t} if this event is sure at time t ~ I. On the other hand, we have Mt = 
on {Dt > 0}n{ro = t} = {EplUtlJ't-i] > 0, C/t = 0} = {P[Ut = 0|J-t_i] <!,[/* = 0}, i.e., M is uniquely 
determined also at time tq if tq is is not predicted one step ahead. 



C Disintegration of measures on the optional cr-field 

In this section wc prove Theorem |6l RecaU that we use Assumption [5l It guarantees that any consistent 
sequence of probabihty measures Qt on Ft, t e TnNo, admits a unique extension to a probabihty measure 
on J^oo = cr(U(gTnNo-^t); cf. [STJ Theorem 4.1]. In particular, any martingale {Mt)teTrma with Mq = 1 
induces a unique probability measure Q on such that 



dP 



t G T. 



(45) 



dQ 



Proof of Theorem\B Let Q e A^(P) with the density -Z =: Z ^ (-^t)teT- We first prove © for T 

dP 

No U {oo}. To this end, consider the supermartingale U = {Ut)ti£T defined by 



Ut Ef 



.s£Tt 



> 0. teT. 



(46) 



By Proposition [551 U admits a decomposition 

Ut = MtDt, t e No, 

where M = {Mt)t£No is a nonnegative P-martingale with AIq = 1, and D = {Dt)teNo is a nonnegative 
predictable non- increasing process with Dq = 1. The martingale M induces a unique probability measure 
Q on {flj^oo) via P5)) . with Q e A4\oc{P)- Let Moo '■— limf^oo ^^t P-a.s., Doo '■— limf^oo P- and 
Q-a.s., and note that = U^o = limt^oo Ut — MooDoo -P-a.s.. We define the process 7 = {jt)t£T 

via ([4]). Then for X G 7?,°" with X > we have by monotone convergence and p6)) 



Eq[X] = Ep 



xtntZt 



t=0 



^ £;p [XtiMtDt - Mt+iDt+i)] + Ep[MooDooXoo] = ^ ^^gl^a*] + i;p[A/ooi?oc^oo] 



t=o 
Eo 



t=o 



.t=0 



7t 



EplMooDaoXo 



Using ([T]) this takes the form 

Eq[X]^E^ 



.4=0 



+ EqIXooJoo] - Eq[^ocXooI{ 



(47) 
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Plugging X — 1 into (|47|) yields 



1 = Eq[1] = Ec^ 



{Moo =00} J 



= 1 - i?Q[7oo/{Moo=oo}]- 

Thus 7oo = Q-a.s. on {M^ = 00}, i.e., 7 G r(Q), and gZl) reduces to 

To prove ([7]) for T = Nq, note that every measure Q on (57 x Nq, J-) can be extended to a measure Q 
on {n X (No U {00}), J') by setting (5[n x {00}] = 0. Thus © yields 



with some probability measure Q G A^ioc(^') and some optional measure 7 such that J2tLo 7* + 7oo = 1 
Q-a.s.. Moreover, since 

EqI-Joo] = Eq[I^oo}] = 0, 

we have 700 = Q-a.s., i.e., 7 e r((5) for T — Nq, and ([7]) holds. 

Similarly, we can embed the case T — {0, . . . ,T} into the setting of T = No U {00}, by setting ■— J't 
for all t > T, and extending any measure Q on (i7 x {1, . . . , T}, to a measure Q on (57 x (No U {00}), ^) 
by setting Q[n x T^+i] = 0. The same reasoning as above yields a probability measure Q G M\oc{P), in 
particular Q -C P on J^r, and an optional measure 7 such that 7s = Q-a.s. for all s > t, i.e., 7 G r((5) 
for T = {0, . . . , T}, and © holds. 

The equality ((H]) follows from (O due to integration by parts formula ([5]). 

To prove the converse implication of the theorem, note that each pair (Q, 7), with Q G MiodP) and 
7 G r((3), defines a density Z = {Zt)teT of a probability measure Q G M{P) via 

Mt7t 



t G T, 



(48) 



where Mt denotes the density of Q with respect to P on Ft for each t G T n No, and, if T = No U {00}, 
Moo = linit^oo Mt P-a.s.. Clearly, and (g]) hold for Q. □ 

Remark 60. For T < 00, and for T — Nq, one can also prove Theorem\^ directly, defining the super- 
martingale U via ()46|) and using the ltd- Watanabe decomposition of U as above. For T < 00, one obtains 
in this way the additional property 7 G r(P) in the decomposition Q — Q ® ^ of any Q G A4{P), and so 
we can replace the set T{Q) by T(P) in the representation (|13p and in all further results. 

Remark 61. Let Q G A4{P) with decomposition Q ® ^ = Q ® D in the sense of ([7]) and let 

Z — {Zt)teT denote the density of Q with respect to P, M = {Mt)teTnNo ^he density process of Q with 
respect to P, and Moo — hnit^-oo Mt P-a.s. for T = No U {00}. 

1. The density Z takes the form (j48p . Indeed, for all X G TZ°° , X >0 we have 



Eq[X]^Ec^ 



Y^Xt^t 



^Ef 



J2 ^tltMt 
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where, for T — oo, the last equality holds due to monotone convergence, and, for T = No U {oo}, 
we use ID) and foo — Q-a.s. on {Afoo = 00} . 

2. In order to clarify to which extent the decomposition ([7]) is unique, we note that the Ito-Watanabe 
decomposition of the supermartingale U defined in (|46|) is determined by the density process M and 
the discounting process D. Indeed, 



= MfEr 



.seTt 



l{A/t>o} = MtDt 



t e T, 



where we have used ()48p . and monotone convergence for T — 00. In particular, if Q G Ai{P) 
admits two decompositions Q = (E) = ® , the uniqueness stated in Provosition \58\ yields 



M} = and D} = £>? 



{t < To}, 



where tq = inf{t > \ Ut ^ 0}. Moreover, since Z > Q-a.s., we have Q[{{Lu,t)\t > to(w)}] = 0, 
and hence the processes M and D are uniquely determined and strictly positive Q-a.s.. 

3. Equality Q-almost surely between two processes X,Y lE TZ°° can be characterized as follows in terms 
of Q and 7; 



X = Y Q-a.s. 



1 = EqI^x^y}] = Ec 



■Yt} 



LtGT 



Xt = Yt Q-a.s. on {ft > 0} Vte T, 



where the last equivalence follows since X^texT* ~ 1 Q-a.s.. In particular, an Tt-measurable random 
variable X — {Xt)t£T is well defined Q-a.s. if and only if Xi is well defined Q-a.s. on {fi > 0} for 
i = 0, . . . ,t — 1, and Xt is well defined Q-a.s. on {X^sgTj 7s > 0} = {Dt > 0}. 

Corollary 62. For Q e A4{P) with decomposition Q — Q®^ — Q®D, the conditional expectation 
given Tt takes the form 



EglXlTt] — -'^ol{o} 



Xt-\^{t-\} + Eq 



y I 

^ Dt I 



where the last term on the right-hand- side is well defined Q-a.s. on {Dt > 0}. 

Lemma 63. Let T = Nq U {00}. For Q — Q ® 7 G A4{P) with the density process {Mt)t£fio of Q with 
respect to P, and AI^o — linit^-oo Mt P-a.s., we have 



7oo > Q-a.s. Q e M{P) and 7oo > P-a.s. on {M^o > 0}. 
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Proof. We have 



Q[7oo >0]^Eq 



7o 



Too 
loo 



{7oo>0} 



1 

Too 



^{1o^>0}I{od} 



= Er 



' T T 
"^{7oo>0}^{oo} 



{7=o>0} 



Ep [M^I, 



{7oc.>0}J 



where we have used ([7]) and ([^5]) . The claim follows by noting that Q P ii and only if Ep[Moc] = 1 
for Q G A^ioc(P) due to ([l]). □ 

Our robust representation of a conditional convex risk measure pt involves probability measures Q = 
Q ®1 which coincide on the cr-field Ft- This can be characterized as follows in terms of Q and 7. 

Lemma 64. Let ,Q'^ £ M{P) with the decompositions = (g) 7* = (g) D\ i = 1,2. Then the 
following relation holds for all t E T 



= Q on J^t 



f = on Ft n {D\ > 0} and 7] = 7,^ Q^-a.s. Vs < t. 



Proof. We denote by = {ZDt^r the density of with respect to P, by (Mj )tgTnNo the density process 
of with respect to P, and = hmt^oo P-a.s. if T = No U {00}, i = 1, 2. Assume that = 
on Ft for some t e T, i.e., Ep[Z^\Ft] = Ep[Z^\Ft], where 



Mo 



{0} 



^t-ll{t-l} 



{t-i} + 



i = 1,2 



by dUl) and Corollary [H This implies 



MIjI^M^j', ys<t and MlDl^M^Dl 



(49) 



(50) 



Hence for any A G J^t-i we obtain 



.s=0 



Ef 



Ep[mI,{1-DI)1a] 



= Qi(A)-Qi(AxTt) 
-gi(A)-Q2(^xTt), 

where the last equality follows since A xTt & Ft and = on In the same way we get 



E 



,s=0 



\A)-Q\AxTt). 



Therefore = on Ft~i, and by ([50]) 7^ = 7^ Q^-a.s. for all s < t. In particular I?^ = Q^- and 
Q^-a.s., which in turn implies — on Ft n {D} > 0} due to ((50)) . 

The proof of the inverse implication works in the same way. □ 
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